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Abstract. The purpose of this work is to prove existence of a weak solution 
of the two dimensional incompressible Euler equations on a noncylindrical 
domain consisting of a smooth, bounded, connected and simply connected 
domain undergoing a prescribed motion. We prove existence of a weak solution 
for initial vorticity in , for p > 1. This work complements a similar result 
by C. He and L. Hsiao, who proved existence assuming that the flow velocity 
is tangent to the moving boundary, see [JDE v. 163 (2000) 265-291]. 



1. Introduction 

In this work we will prove the existence of weak solutions of the incompress- 
ible Euler equations in two-dimensional domains with smoothly moving boundaries. 
Previous work on incompressible flow in noncylindrical domains has addressed both 
viscous and ideal flow, and both weak and strong solutions. Existence of weak solu- 
tions for the Navier-Stokes equations on a noncylindrical domain was first studied 
by H. Fujita and N. Sauer, see citefujita, whose work was later complemented by D. 
Bock in pj, A. Inoue and M. Wakimoto in and T. Miyakawa and Y. Teramoto 
in [2] . For ideal flow, well-posedness of the two-dimensional problem in the case of 
smooth solutions was studied by H. Kozono in [5] and the existence of a weak solu- 
tion was studied by C. He and L. Hsiao in [6]. In their work, He and Hsiao assumed 
that the flow velocity is tangent to the moving boundary for each fixed time. As a 
consequence, their result does not include existence of a weak solution for the case 
of a noncylindrical material domain with prescribed motion. The purpose of this 
paper is to complement He and Hsiao's argument to prove existence of weak so- 
lutions for the incompressible two-dimensional Euler equations in a noncylindrical 
domain which moves with the flow in a smoothly prescribed manner. 

We describe our treatment of this problem as follows. We start from a pre- 
scribed movement of the domain and we determine the boundary conditions under 
the assumption that the fluid does not cross the boundary. Next we write a precise 
formulation of the problem to be studied. We then perform a change of dependent 
variables which reduces the original problem to one with velocity tangent to the 
boundary and then, by a change of independent variables, we transform the new 
equations into a system of PDE on a cylindrical domain. Next we study a viscous 
regularization of our problem, showing existence of weak solutions to the vorticity 
form of the Navier-Stokes system in a time-dependent domain with homogeneous 
Dirichlet boundary conditions. We then use the family of approximate solutions 
obtained and we obtain an priori estimate, which together with a compactness argu- 
ment, enables us to choose a subsequence of the approximate solutions converging 
strongly in to a weak solution to the original problem. 
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Technically, the new feature of the present work is the treatment based the 
vorticity equation. The setup of the problem is closely based on the original Navier- 
Stokes work, specially 9J. The existence result for the vorticity equation on a 
noncylindrical domain with vorticity vanishing at the boundary is new, but its proof 
is a standard proof based on Galerkin approximations. The a priori estimates 
independent of viscosity are the main point of the argument. Finally, the passage 
to the limit is based on a standard compactness argument. 

The main difference between our work and [6J is the need for the first change 
of variables, which changes the problem into a new one with velocity tangent to 
the moving boundary. This new change of variables introduces an extra convection 
term in the PDE of the form pVu, where p is a smooth, divergence-free vector field 
determined by the boundary motion. The field p is not tangent to the boundary. 
As a consequence, we cannot obtain an energy estimate uniform in viscosity for the 
approximate problem, something that was needed in [B]. 

The remainder of this work is divided into four sections. In Section 2, we intro- 
duce basic notation and formulate the material boundary condition. In Section 3 
we perform the successive changes of variable which reduce the problem to a sys- 
tem of PDE on a fixed domain. In Section 4 we construct an approximation of our 
problem based on a viscous regularization. In Section 5 we prove a priori estimates 
and prove our main result. 

2. Boundary conditions for moving domains 

In this section we discuss the boundary condition associated with a moving 
material boundary. Let Qt — Uo<t<T ^ {^1 a noncylindrical space-time 
domain, each Q,t being a bounded domain in with smooth boundary dQ,t. In 
Qt we consider the initial-boundary value problem for the Euler equations: 

' dvb 

— + {u-w)u = ~Vp + f xent,t>o 

div M = X eQt,t> 

(2.1) <^ 

u.T] = g{x, t) X € d^t, t > 

u{x,0)—uo{x) X E flQ. 

Here u = u{x,t) — (^1,1*2) denote the unknown velocity and p = p{x,t) de- 
note the pressure of the ideal fluid at point {x,t) G fit x {t}, while uo{x) and 
/ — f{x, t) denote respectively the given initial velocity vector field, and the exter- 
nal force vector field; rj is the unit outward normal vector of dVLf and g = g{x,t) is 
given on the boundary lJo<i<T ^ {0 from a prescribed movement of domain, 
assuming that the fluid does not cross the boundary. We will describe how g is 
determined from U,t later in this section. 

We impose the following conditions on the motion of the domain: 

(A.l) fit is diffeomorphic to fio for each t G [0, T]. 
(A. 2) The area of fit is equal to that of fio for each t S [0, T]. 
As fit has the smooth boundary 9fif and it moves smoothly with respect to t, 
we have the following lemma: 
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Lemma 2.1. :Let 7 = 7(0;, <) he the signed distance function with relation to fit. 
Then there exists an open subset Ut which contains dflt such that 7 and dt^ are C°° 
functions in Ut- Furthermore, |V7(a;, i)| = 1 for each x G dQt md 
dnt = {x:j{x,t) = 0}. 

For more details and a proof, see [3]. Under the assumptions (A.l) and (A. 2), 
we have the following result. 

Lemma 2.2. ; There exists a cylindrical domain Qt — flxM. and a time-preserving 
diffeomorphism $ : Qj. — s- Qj,, 

= $(x,t) = {^i{x,t),<^2{x,t),t) 

such that 

'd<^>^{x,ty 



J~^{t) = det 



dxj 



EE 1 {x,t)eQT. 



For the proof see T. Miyakawa and Y. Tcramoto [9]. Beyond (A.l) and (A. 2), 
we must include an assumption on the regularity of the diffeomorphism (f>. More 
precisely, the domain fit must satisfy the following assumption. 

(A. 3) The derivatives d^i/dxj and d^i/dt (1 < i,j < 2) are continuous and 
bounded functions on Qrp. 

Consider Qt a domain satisfying the assumptions (A.l), (A. 2) and (A. 3). Let 
u{x, t) be divergence-free vector field, defined in a neighborhood of Qt, that makes 
Qt a material domain. We have: 

Proposition 2.3. ; There exists a unique g{x,t) defined in Uo<t<T^^* ^ (0 such 
that u{x,t).rj — g{x,t) in dVtt, where rj := rjt{x) is an unit outward normal vector 
in X € dilt- Furthermore, for each t S [0,T], we have 

g{x, t)ds = 0. 

Proof: We denote the inverse transformation of <&(a;,t) — {y,t) in Lemma [2.21 
by *(y,i) = (*i(y,i),*2(y,0,i) where (yi,y2) & fl and t e [0,T]. For {x,t) e 
Uo<t<T X {t}, set {x,t) — {'i>i{y,t),'ii2{y,t),t) and by the Lemma [2TT] we have 

7(*i(y,i),*2(y,t),i) = 0. 

Hence, 

dlix,t) , ^ djix,t)d^Mt) _n 

^ ' dt +^ dx, dt ^ 

j=i J 

If we denote Vt{x) = (^^4^, ^Hll^) where (y,t) = $(x,t), identity 

ot at 

gives us 

Vt ix).r]t (x) = g{x, t) ,x€ dflt 

where 

(2-3) 9{x,t)^ — — — 
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and 

(2.4) 77t(a;) = -V,7(a;,i) 

by the Lemma \2A\ 

On the other hand, we can show that the vector field Vt{x) is divergence-free on 
each fit by using the Lemma 12.21 Noticing that r]t (x) is a unit normal vector at 
point X G dflt, we have by the divergence theorem: 



g{x,t)ds ^ I Vt{x).rit{x)ds ~ I Aiy Vt{x)dx — Q. 

Now, let u{x^ t) be divergence-free velocity vector field arbitrary, defined in a 
neighborhood of Qt that makes Qt a material domain. The hypothesis that Qt 
is a material domain with respect to m, it allows to introduce the flow X = X(a, t) 
satisfying the ordinary differential equation in the introduction, and with the same 
argument used previously, we have for g and rjt as in (|2.3p and (|2.4p 



u{x).r]t{x) ^ g{x,t) ,xedflt 

dX2{y 
\ dt ' dt 



where u{x, t) ^ (^^^T^^ ) for {y, t) ^ X-\x, t). Which conclude this 

proof. 



3. Reduction to a fixed domain problem 

In this section we perform two changes of variables in order to reduce our problem 
to one suitable for analytical treatment. The first one is a change of dependent 
variables designed to make the boundary condition homogeneous and the second 
one used the diffeomorphism <I> to change our problem to a fixed-domain one. We 
begin with the homogenization of the boundary data. 

In the formulation of the problem (|2.ip . the unknown velocity field u{.,t) has 
given normal component at each point in dQt for each t. We would like to transform 
the original problem to that of finding a velocity field without normal component. 
To accomplish that, we first, consider h the solution of the following problem. 



' Ah = em nt 

(3-1) dh 

— = g{.^t) em dnt. 
\ orj 

Since the Neumann boundary value g{.,t) satisfies the compatibility condition 
Idsit 9^^^ ^)^'^ = by Proposition [231 we can assume the existence of a /i S C°°[rit) 
satisfying p.ip for each t. For more details see [TU] and [T^ . 

Denote by p = V/i and observe that p is a two-dimensional C°° vector field on 
Qrp such that 

div p — Q em fij 

(3.2) 

p.rj — g{x,t) em dVLt- 

We set 

u(x, t) — u{x, t) — p{x, t) 
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in ()2.ip . and we have the fohowing equations: 

dv 



(3.3) 



— + (i;-V)u + (/9-V)?; + Vp = / a;Gfit,t>0 



div V — Q 
v.rj = 
, u(x,0) = vo{x) 



a; e f2f,t > 
a: e dnt,t> 
a; e f2o- 



where p is now redefined as p+dth+ {I /2){p-S/)h+{l/2){v\i')h and wo = uq — jo(., 0). 
Henceforth we will discuss the solvability of Equations (|3.3p for {v,p}. 
Next we turn to the reduction to a cylindrical domain. Let 

axi 0x2 



(3.4) 



P{y,s) :=p($"i(y,s)) 

for i — 1,2. Then p.3p is transformed into the following problem on Qt for 
■D = ("Ci, "52) and p: 



(3.5) 



5{; 

OS 

div u = y efl,s > 

u.ry = ye dfl, s > 

. w(?/,o) = vo{y) yen. 



Where vq — {vq, Vq), fj denotes the unit exterior normal along dCl and 
{NivY = PjVjVi + VjVjPi, {N2vy = VjVjVi, 
,^ dp dv, . /%w 
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From now on, we use the summation convention, that is take sum over repeated 
indices. Moreover, we let v denote the vector field on Qt obtained by the transfor- 
mation v'^{y, s) = dyi/dxk-v''{^~^{y, s)) for each vector field v on Qt- Conversely, 
V is the vector field obtained by inverse transformation for v. From the Lemma l2.2l 
it is easy to see that 

iq'T' = det (g,,) = Jitf. 

We point out that the divergence operator is left invariant under the coordinate 
transformation. Finally we note that dv/ds + Mv, Niv and N2V correspond re- 
spectively to dv/dt, {p ■ V)t; -I- {v ■ V)p and {v ■ V)v under the transformation $; 
see [7] for the details. 

Lemma 3.1. ; 

(1) The matrixes [qij] and are positive definite and hounded. 

(2) The derivatives dxi/dyj for i,i=l,2 are bounded functions on Qt- 

Proof: (1) If we denote T — [dyi/dxk\j then [q*-'] = TT* and we conclude that 
(q^^x, x) = |jr*x||^ > 0. By the assumption {AS) the matrixes are bounded. (2) 

It follows from the fact that 
(A.3). 

To show the existence of a weak solution for the system (|3.3p . we will make use 
the solutions to the Navier-Stokes equations in a time dependent domain with a 
modified boundary condition. The next section will be dedicated to show existence 
of a weak solution to this approximate problem. 



dx^ 




' dyi' 









Lemma 12.21 and the assumption 



4. The Navier-Stokes equations in a noncylindrical domain 

The purpose of this section is to construct a family of approximations which will 
be used to prove existence of weak solutions for the ideal flow equations by means 
of a limit process. The approximate problem will be the Navier-Stokes system, 
with a kind of slip boundary condition which is well-known to behave well under 
vanishing viscosity. More precisely, we consider the system 



(4.1) 



dv 

- — i^Av + (v ■ y)v + (p ■ v)w + \ip = f X ent,t>o 

ot 

div w = a; e ilt, i > 

?;.7y = 0,W = x(^dVlt,t>Q 

^ v{x,Q)—Vq{x) X^VIq. 
where uj =curl v- 

Our objective in this section is to prove the existence of a weak solution to 
problem l|4.ip . We begin by reducing the equations in (|4.H) to those in a cylindrical 
domain as in the subsection (3.2). This yields: 
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(4.2) 



dv 



ds 

div V = Q 
v.fj = 0, 



vLv + Mv + Niv + N2V = / - Vqp 



dx2 dyi dxi dyi \ dv^ 



dyj dxi dyj 8x2 J dyi 
I v{y,o) = Vo{y) 



?/ e ri, s > 

y £^l,s>0 

y edn,s>o 
yen, 



where 



(4.3) 
and 

(LvY = q^^V jVkV^, where 
9(VjV* 



8x2 8yi dxi dyi \ dV 



8yj 8x1 8yj 8x2 J 8y, 



A : DyV, 



8yk 
dyk\ ( d'^xi 



VliVjv' -Vi^Viv' and 



\dxi ) \8yi8yj ) 
The notation Lv correspond to Au under the transformation <i>. 

We introduce notation for some Hilbert spaces and inner products. We denote 
by if the space of square-integrable vector fields (i^(0))^ and by V the space 
(i?g(r2))^. Similarly, we define Ht and Vt as the same spaces based on the domain 
fit. For each t G R, iJ^(17) is a Hilbert space with respect to the inner product: 



(4.4) 



Qtj{y,t)ut{y)vj{y)dy, 



for u,v e H^{Cl). 

In Ht we consider the usual inner product 



(4.5) 



(u,w)j 



u{x) ■ v(x)dx. 



(It 



For u,v £ V the inner product in V is denoted by 



(4.6) {{u,ij))^ = {VqU,Vqv)^= / q^j{y,t)q'''{y,t)\/kMy)^iijiy)dy- 

Jn 



We consider the change of variables x — ^ ^iVit) and 
(4.7) 



u\y, s) = ^u\'S>-\y, s)) + ?^u'{<i>-\y, s)), 
0x1 8x2 



with the same relation between v and v. Note that, under this change of variables, 
for any fixed t, (|4.4p is transformed into (|4.5p and (|4.6p is transformed into 



8 



F. Z. FERNANDES, M. C. LOPES FILHO 



(4.8) {(u,v))^= / da:^u{x) ■ dxjV{x)dx. 

Jnt 

The norms corresponding to the inner products (|4.5p are denoted by 
Next we introduce oj = curl v and w = curl u, and we introduce 

dx2 dyi dxi dvi \ dv^ , „ , „ 
dy, dxi dy, 8x2 J dyi 



(4.9) 



, 8x2 dyk 8xidyk\ 8u^ „ n ~ n n i<- r^i 
> dyi 8x1 8yi 8x2 J 8yk 



where v — K^^ [uj] and u — [w\ are given by the Biot-Savart law since div v = Q 
and div u — Q. 
Observe that 

du ( 8'^yi 8x2 8'^yi 8x1 \ 8V ^ ^ ( d'^v^ \ dy^ 



8x1 \8xi8xi 8yj 8x18x2 8yj J 8yr \8yi8yk ) 8x1 

E, : DyK^, [u\ + ADIK^ [u\ 

in the same way 

'£^■-E2■.DyK,,[^+BDlK^[^'-|^. 
We define an alternative inner product in L'^{VL) as follows. 

(4.10) [Co, w], = [ {A: DyK^, [u]) {B : DyK^, [w]) dy, 

Jn 

and {uj,w)^ is the usual inner product in L^(ilf). 

Since we obtain (|4.10p from (w, w)^ by implementing the usual coordinate trans- 
formation, we can conclude that (|4.10p is, in fact, an inner product. Finally, H'^{Vlt) 
is the subspace of divergence- free vector fields in H^{Vlt). 

Next we introduce a convenient notion of weak solution for the initial-boundary 
value problem (14. ip . 

Definition 4.1. A velocity field v e L'^{0,T;Hl{nt))nL°^{0,T;Vt), for any T > 
being fixed, is called a weak solution of system ^77]) with initial data Vq{x) and 
forcing f{x,t), if for anyO(.,t) £ C^([0, T); Vf), the following identities are satisfied: 

i) 

' {v{t),e'{t))tdt + y ( {{v{t),e{t)))tdt+ ( {{v[t)-v)v(t),e(t))tdt+ 



Jo 

+ [ {{p-V)v{t),e{t))tdt^ivo,9{;0))o+ [ if{t),e{t))tdt, 

Jo Jo 
ii) the velocity is incompressible in the weak sense, that is 

[ V9{t)v{t)dxdt = 0, 
Jfit 
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iii) v.T] = in dQt x (0,r), 

iv) w = in dVLt x (0,r). 

Remark: The space of test functions C^([0,T), Vt) may be defined by the con- 



dition that u S C^([0,T),Vt) if and only if the u associated with u through ()4.7I 
belongs to Ci([0,T),y). 

Now, we state and prove existence of a weak solution to (|4.1 



Theorem 4.2. Fix an arbitrary T > 0. Then for each vq G Vq, curl Vq € L^(rJo) 
and each f G -L^(0,T; Vt) there exists a weak solution of satisfying Definition 



We will obtain a weak solution to the problem (j4.ip through its vorticity formu- 
lation. At the level of strong solutions, ii v — v{x, t) is a solution of (|4.1[) . then the 
associated vorticity uj — curl u, we have the following equations 



(4.11) 



^ - lyAiu + (v ■ V)w + [p ■ V)w = curl / rj*, i > 
uj^O dnt,t>0 

^ uj{x,Q) = UJq{x) fio- 



Moreover, taking o) = curl u and applying the curl in the first equation of the 
system (|4.1ip . we get an expression for that first equation defined in il as follows. 
dijj 

— iy(cnT\(Lv)) + curl(il/w) + curhiViw -I- N2V) = curl(/). 

OS 

We will prove Theorem 14.21 by constructing a family of approximate solutions 
using Galerkin. The construction will proceed as follows. Let {Q} be a sequence of 
linearly independent vectors in C^{ri) total in Hq{(1), and {aj{y, t)} be its Schmidt 
orthogonalization with respect to the inner product (|4.10p . Note that aj{t) = 
aj{-,t) thus obtained is smooth in (•,i), because it is a finite linear combination of 
{Cj} with coefficients in C°°([0, T]; M). 

Taking 9j = K^^i^^j]! there exists a stream function ipj such that 9j ~ V^ipj, 
and ipj satisfies: 

Aipj = aj in n 
4>j — in dft. 

We define approximate solutions ujmit), m G N, by the following equations 

m 

(4.12) w„(t) =^/ij,„(t)5,(i), 

(4.13) (i„(0) = h°^m,{0), h%,, = [^o,«,(0)]o , 
where {hjm{t)} with 1 < j < jti, is defined by 



10 



F. Z. FERNANDES, M. C. LOPES FILHO 



(4.14) a)„, a, ^ = curl {vLvm - Mvm - NiVm - N2Vm + /), fij 

It is easy to see that for each m e N, there exists t* = t*{m) such that Cjm{t) 
is determined uniquely by (|4.14p if 1 < j < m and t G [0, t*], as defined in (|4.12p 
satisfying (|4.13p . The next lemma guarantees that (D„i(i) is defined on the whole 
interval [0,T]. 

Lemma 4.3. ; {uj^{t)} remains bounded in L°°{0,T; L'^{nt)) Ci L'^{Q,T; H^{nt)). 
Proof: We rewrite (|4.14l) in ilt to obtain: 

(4.15) (w„, aj)t - {i^Acdm, aj)t = -(«„ • Vu;„ + p ■ Vw™, aj)t + (curl /, aj). 
Multiply it by hj^^ (t) and take the sum in j to get 

(4.16) {uJ„^,UJm)t - ('^Aw™,LJ„)i = -{Vrn ' Vw„ + /9 • Vw„,LJ„)t + (curl f,UJ^)t. 

Integrating by parts and using that ujm has compact support in fit we have 

Id.. .,2 f ,^ ,2 , f dvL, . ,2 I |2 , / 1 r N 

oil ll^™llt + ^ / l^'^ml dx = - — \LOm\ + J— \0Jm\ dx + [CViVi } , LO rn) t ■ 

z at Jq^ oxi oxi 

By the Holder and Young inequalities, remembering that div Vm = div p = 0, 
and integrating in t, we obtain 

(4.17) \\iu.m\\] + 2v f ||Vcc;„||^da< ||cc;o||o+ / | |curl /| |^ da + / |K„||'da. 

Jo Jo Jo 

By Gronwall's lemma; 

< (IKIlo + r llcurl fWUm + Te^)- 
Jo 

From that inequality and (|4.17p we conclude this proof. 

In order to prove Theorem 14.21 we require compactness of the approximating 
sequence This compactness follows from the a priori estimates in Lemma 

14.31 by means of an argument which is a straightforward adaptation of a similar 
result, see Lemma 2.5 in [5]. We choose not to repeat this argument here, and we 
will just state the corresponding fact as a lemma, ommiting the proof. 

Lemma 4.4. ; {u!,n{t)} is precompact in L^{0,T; L^{nt)). 

We are now ready to prove Theorem 14.21 
Proof of Theorem 14. 2t 

By Lemma 14.31 and Lemma 14.41 we may assume, passing to subsequence as nec- 
essary, that there exists uj G L°°{0,T] L^{nt)) H L'^{0,T; H^{nt)) such that cOm 
converges to ui in L^{0,T; H^{ilt)) weakly, oj^ converges to lu in L°°(0, T; L^(ri()) 
weak-star and iVm converges to ui in L^{0, T; L^{ilt)) strongly. 

Now we integrate (|4.15l) in t and integrate by parts to get: 

— / / LOm—^dxdt + v [ [ VajVLUmdxdt+ f f aj{vm ■^)ijJmdxdt + 
Jo Jrtt c/i Jo JOt Jo Jut 

+ / aj{p ■ S7)uJmdxdt — / ujrn{0)ctj{x,0)dx + / / aj(cnrl f)dxdt. 
Jo Jnt Jno Jo Jnt 
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Since ujm{0) ujq in L'^{Qo) and Vm is bounded in L°°{0, T; H^{Qt)), by letting 
— > oo we obtain 



[ [ uj^^dxdt + ly [ [ VajVujdxdt + ( f aj{v •V)ujdxdt + 
Jo Jnt "'o Jilt Jo Jut 

+ / aj{p ■ V)ujdxdt = / uJoaj{x,0)dx + / / aj {cm\ f)dxdt. 
Jq Jnt Jna Jo Jut 



By linearity this equality holds for a = X]j=i'^j- Recall that {aj} is total in 
i?o(ilt). Therefore, for any a G //o(rit) the previous equality holds. Since a is 
arbitrary, we consider a = ilj{t) where ipit) is the stream function associated with 
the flow 6. We have that 9 = V-^ip, and therefore, 

AV-" = curl 6 in fit 
t/j — in 9rit 

and 9 = Kq^ [a] . Since lu = curl v we obtain 

{cml v)^^^^dxdt + V [ [ V{cur\ v)V{ip{t))dxdt + 



Jnt "'0 Jnt 

[ {'ip{t)){v ■ V){cnTl v)dxdt + [ [ {ip{t)){p ■ V){cml v)dxdt = 
Jnt Jo Jnt 

= [ {cui-\vo{x)){i:{Oj){x,0)dx + [ [ {^/j {t)) {cm\ f)dxdt. 
Jno Jo Jnt 

Integrating by parts and using the fact that 6 = V^V' we get, 

- / / v^dxdt + v ( ( VvVedxdt + [ ( 6{v ■ V)vdxdt + 
Jo Jnt Jo Jnt Jo Jnt 

I 0{p-V)vdxdt^ [ vo{x)0{x,O)dx + [ [ Ofdxdt. 
Jnt Jno Jo Jnt 

which satisfies the first condition on the Definition 14.11 The other conditions are 
proved by integration by parts and taking traces in a straightforward manner. This 
concludes the proof. 

5. EULER EQUATIONS IN A NONCYLINDRICAL DOMAIN 

Now we are ready to show a result of existence of weak solution to the Euler 
equations (13. 3p defined in a time dependent domain. 



Definition 5.1. Let T > 0. A velocity field v G L°°(0, T; L^(Slt)) is called a weak 
solution of the Euler equations i3.3\) with initial data Vo{x) and external force field 
f{x,t), if for any g = h{t)e such that 9 e V and h e C^{[0,T],R), h{T) = 0, the 
following identities are satisfied: 

i) 



i{t),Q{i)) dt~ I {ij{t),Mg{t))^dt+ 

' t In 
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ii) the velocity is incompressible in the weak sense, that is 

f-T I- 

Wg{t)i{t)dydt = 0, 



Jn 

iii) ii.i] = mdnx (0,T). 

We will prove existence of a weak solution to the Euler equations in the sense of 
Definition 15.11 We will assume that the external force field / e L^(0, T; VF^'''(rit)) 
for 1 < r < oo is potential, that is, / = V/ where / G ^^(o^ T; T^^.r^-^^^^ 
I < r < oo. 

Theorem 5.2. Fix 1 < r < oo. For vq S Vq, with curl vq £ L''(r2o) and f — V/ 
where J £ L^{0, T; W'^'''{nt)), there exists a weak solution v G L°°(0, T; L'^{^t)) of 
h3.3\) satisfying 

Vw, w G L°°(0, T; U{nt)) if 1 < r < oo 

Vv £ L°^{Q,T]LP{nt)),uj £ L°^{Q,T]L°^{VLt)) if 1< p < oo for r = oo, 
where lu ~ curl v. 

We use Theorem l4.2t o construct an approximate solution sequence. For luq £ 
L'^{flo), we consider a sequence loq of smooth functions defined in flo such that 
lOq — > Wo strongly in L''(flo) when v ^ 0. Such a sequence can be obtained, for 
example, by solving the heat equation with homogeneous Dirichlet conditions in Qq 
with initial data ujq for time v. For fixed T, z/ > 0, we use Theorem 14.21 to obtain 
uj^ £ L'^{0,T;L^{nt)r]L^{0,T;H^{nt)), weak solution to the system: 

( du) 

— f - j/Aw^ + {v^ ■ V)uj^ + [p ■ V)uj^ = r^t, t > 
ot 

In particular, for any a £ HQ^flt), we have: 

(5.2) (w^, a)t = {vAuj^,a)t - {vy ■ ViOy, a)t - [p ■ Vuj„, a)t. 

We look for an a priori estimate for the vorticity uj^, uniform in i>. Let 0e : R ^ M 
be defined as follows 



IxT if \x\ > e 

2^ ' 



^e'-^x^ + e''{l-r/2) if |a;| < e. 



Observe that (j)^ is a and convex function, and 4>e{0) — 0. We have the 
following result 

Proposition 5.3. For any t £ [0,T], {uj^{t)} is bounded m L°°(0, T; i''(f^t)) 
for 1 < r < oo. 
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Proof: The key issue is that (j)^{u!;^) E HQ{ilt), and therefore we can use it as a 
test function in the definition of weak solution. We can rewrite (|5.2|) as follows: 

^(f)e{uj^)dx = V [ (A(/)e(w^) - (j)^ {ujy) |Vw^|^)dx - [ div {Vu4>e{iO^))dx- 
div {p(j)^{uj^))dx — \7(l>^{u!^).rids ^ (f'e i^^i^) iV'^i/l^ dx— 

fit Jdflt -J fit 

(l)e{uj„)v„ ■ r/ds - / (j)f_{bJv)p ■ r]ds ^ v / 4'^{0)Vu}v ■ rjds- 

dflt Jdflt Jdflt 

~v / 0^ (tJi,) |Vwi,|^ - (/)e(0) / (w^.?7 + g(x,t))iis < 0. 

hit Jdflt 

Integrating this inequality in t we have: 

(5.3) / <l),{u,{t))dx < [ 0,(w,(O))da;. 

Jflt Jflo 

As {(j>e{x)} is a increasing sequence and lim (fieix) = li^iyT, we have by the Fatou's 
Lemma that 

|'^i^(^)r ^ lim inf / (j)^{uj^{t))dx. 

Ut Jflt 

Therefore, if 1 < r < 2 we obtain 

(5.4) MLriflt)<ML'-iflo)<C^ 

because converging sequences are bounded. If 2 < r < oo it is enough to define 
4>{x) = \x\^ , to conclude that (p {uj,y) e HQ{flt) and to proceed in the same way as 
in the case 1 < r < 2. Therefore we get (|5.4p for 1 < r < oo, which completes the 
proof. 

Proof of Theorem \5.2\ 

By the Calderon-Zygmund theorem and Proposition 15.31 we have the following 
estimate 

(5-5) \\^vA\Lr(fit) < C'||cj^||i.(f,^) < C||curl woIIl-cQo) ' 

for 1 < r < oo. 

Moreover, if r > 1, 

^2 

C < Ci- 



r- 1 

where C'l is a constant independent of r. This fact follows by tracking the constant 
in the Marcinkicwicz interpolation inequality, see [5]. 
As 

, dx^ dy2 dvl dx^ dyi dvl 

= curl Vi, = ^-^t; ^"H— "H— ' 

oyi oxj axi ay2 oxj oxi 

we deduce, with the help of the assumption (^.3), Lemma |3. II and estimate (j5.5l) . 
that 

(5.6) <C . 

By using the Calderon-Zygmund theorem once more we get 
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(5.7) ||V«,||^.(^) <C |p.||i.(j,)<C, 

for 1 < r < cxD. 

From the inequalities (|5.4p . (|5.5[) and (|5.7p it follows that there exists a subse- 
quence of {lo^} (without relabeling) such that 



(5.8) 



LU^^UJ in L°°{0,T;L''{nt)) 1 < r < oo 
Vv^ Vw in i°°(0, T; L''(17t)) 1 < r < oo 
Vw^^Vu in i°°(0,T;L'^(j7)) 1 < r < oo. 



Moreover, observation 2.6 on shows that {"5,^} is precompact on L°°(0, T; L^(f2)), 
and this guarantees the existence of u € L°° {0,T; L^{Ct)) such that 

(5.9) v^^i in L^{0,T] L^{n)). 

As cj'' satisfies Definition 15.11 we have that for any a £ Ho(^t) the following 
identity holds 

— / / LOu-jT-dxdt + V / / Vwjy Vadxdt + / / a[vu ■ '^)tOydxdt+ 
Jo Jrit Jo Jut Jo Jnt 

+ / / oi[p ■ V)uo^dxdt — I uo^{x,Q)a{xTQ)dx + I I a{cml f)dxdt. 
Jo Jut Jqo Jo Jrtt 

We consider a — h{t)tp where h G C^([0, T]; M) with h{T) = and ip is under- 
stood as a stream function with respect to a test velocity field 9. We have that 
e = V^V, and 

At/j = curl 9 in fit 

■0 = in dilt- 

Since uji, = rot u^, we integrate by parts and we use the fact that 6 = W^tp to 
obtain 

- / / v^ ^^^'^^^^^ dxdt + V f [ Vv^\/{h{t)9)dxdt 
Jo Jnt Jo Jnt 

[ {h{t)9){v^ ■ V)v^dxdt + [ [ {h{t)9){p ■ V)v^dxdt 

Jut Jo Jilt 

v,,{x,0){h{0)9{x,0))dx+ [ [ {h{t)9)fdxdt. 



Jo Jvtt 

Set Q = h{t)9 and rewrite this identity in Qt to obtain 



(v^,g{t)^^dt- j {i^,M~Q{t))^dt + v j {VqVu,\7gg{t))^dt+ 



+ j {Nii, + N2v.,g{t))t(^t=(Mx,0),Q{0))Q + J {f,g{t))/t- 
We let ^ 0, to prove thatthe first condition of the Definition 15.11 is satisfied. 
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As the norm is weakly lower-semicontinuous, (|5.4p and (15. 5|) give us the estimates 
I^WIlL.-(n,) < \\^At)\\L-{nt} < oo (for t > and 1< r < oo) and ||Vw(t)||i,.(fj^) < 
\\yv„{t)\\^r-(^Q^'f < oo (for t > and 1 < r < cx)). 

If r = oo, then luq G L^'(rio) when 1 < p < oo. Therefore ()5.5|) gives us the 
estimate [|Vf(t)[|^^j-j-j ^-j < oo when t > and l<p<ooifr = oo, which concludes 
the proof of Theorem 15.21 

We would like to conclude this paper by mentioning a couple of natural questions 
that arise naturally from our analysis. First, is it possible to generalize this result 
to include initial vorticities in L^, or nonnegative bounded measures, extending 
Delort's Theorem to noncylindrical domains? We refer the reader to [2] and [TT] 
for the relevant existence results. We have proved our existence theorem relying 
only on vorticity estimates because we do not have an useful energy estimate in 
this context. After multiplying by u and integrating by parts, the term p ■ Vw in 
(|4.ip gives rise to a boundary term of the form: 

r \±p.^ds= I M!g(^,i)d5, 

and we cannot control such a boundary term in a manner that is independent of 
viscosity. This absence of an energy estimate is the key technical difference between 
our work and He and Hsiao's. Now, Delort's Theorem, and its adaptation to 
vorticities by Vecchi and Wu, require in an essential manner a 'priori estimates both 
for vorticity and kinetic energy, and the observation above makes this extension a 
difhcult problem. It would probably be technically challenging but doable to ex- 
tend Delort's Theorem to He and Hsiao's context. The second natural question is 
whether one can remove the condition that f2t be simply connected. One special 
case would be the flow on the exterior of a moving body. This would be inter- 
esting from the physical point of view. Since our approach is based on vorticity 
estimates, extending our result to domains with holes depends on understanding 
and controlling the harmonic part of the flow for noncylindrical domains. 
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